Abstract. Let k be an algebraically closed field of characteristic zero. Let c : SH → SH(k) be the functor induced by sending a space to the constant presheaf of spaces on Sm/k. We show that c is fully faithful. In consequence, c induces an isomorphism c * :
Introduction
Our main object in this paper is to use Voevodsky's slice tower [38] and its Betti realization to prove two comparison results relating the classical stable homotopy category SH and the motivic version SH(k), for k an algebraically closed field of characteristic zero.
For E ∈ SH(k), we have the bi-graded homotopy sheaf Π a,b E, which is the Nisnevich sheaf on Sm/k associated to the presheaf
(note the perhaps non-standard indexing).
Our first result concerns the exact symmetric monoidal functor c : SH → SH(k).
The functor c is derived from the constant presheaf functor from pointed spaces to presheaves of pointed spaces over Sm/k. It is not hard to show that c is faithful for k an arbitrary characteristic zero field
1
. We will improve this by showing Theorem 1. Let k be an algebraically closed field of characteristic zero. Then the constant presheaf functor c : SH → SH(k) is fully faithful.
As a special case, theorem 1 implies Corollary 2. Let k be an algebraically closed field of characteristic zero. Let S k be the motivic sphere spectrum in SH(k) and S the classical sphere spectrum in SH.
Then the constant presheaf functor induces an isomorphism c : π n (S) → Π n,0 S k (k) for all n ∈ Z.
In fact, the corollary implies the theorem, by a density argument (see lemma 6.5).
Remarks. 1. As pointed out by the referee, the functor c is induced by a (left) Quillen functor between model categories (see the proof of lemma 6.5), so we do achieve a comparison of "homotopy theories", as stated in the title, rather than just the underlying homotopy categories. 2. The functor c is not full in general. In fact, for a perfect field k, Morel [21, lemma 3.10, corollary 6 .43] has constructed an isomorphism of Π 0,0 S k (k) with the Grothendieck-Witt group GW(k) of symmetric bilinear forms over k. As long as not every element of k is a square, the augmentation ideal in GW(k) is non-zero, hence c : π 0 (S) → Π 0,0 S k (k) is not surjective. Of course, if k is algebraically closed, then GW(k) = Z by rank, and thus c : π 0 (S) → Π 0,0 S k (k) is an isomorphism. This observation can be viewed as the starting point for our main result.
We have as well a homotopy analog of the theorem of Suslin-Voevodsky comparing Suslin homology and singular homology with mod N coefficients [34, theorem 8.3 
]:
Theorem 3. Let k be an algebraically closed field of characteristic zero with an embedding σ : k ֒→ C. Then for all X ∈ Sm/k, all N > 1 and n ∈ Z, the Betti realization associated to σ induces an isomorphism Π n,0 (Σ ∞ T X + ; Z/N )(k) ∼ = π n (Σ ∞ X an + ; Z/N ).
1 If k admits an embedding in C, the corresponding Betti realization gives a left splitting to c.
In general, one may use a limit argument, relying on [3, proposition A. See corollary 5.12 for a more general statement. The idea for the proof of theorem 1 is as follows: As mentioned above, we reduce by a density argument to proving corollary 2; a limit argument reduces us to the case of an algebraically closed field admitting an embedding into C. We consider Voevodsky's slice tower for the sphere spectrum . . . → f n+1 S k → f n S k → . . . → f 0 S k = S k and its Betti realization. Let s n S k be the nth layer in this tower. This gives us a spectral sequence starting with Π * ,0 s n S k (k), which should converge to Π * ,0 S k (k). Similarly, we have a spectral sequence starting with π * (Re σ B (s n S k )), which should converge to π * S (since Re σ B (S k ) = S). By a theorem of Pelaez [29] , the layers s n S k are effective motives. Some computations found in our paper [18] show that s n S k is in fact a torsion effective motive for n > 0. On the other hand, Voevodsky [39] has computed the 0th layer s 0 S k , and shows that this is the motivic EilenbergMacLane spectrum M Z. The theorem of Suslin-Voevodsky loc. cit. shows that the Betti realization associated to an embedding k ֒→ C gives an isomorphism from the Suslin homology of a torsion effective motive to the singular homology of its Betti realization; one handles the 0th slice by a direct computation.
To complete the argument, it suffices to show that the two spectral sequences are strongly convergent. The strong convergence of the motivic version was settled in [18] , so the main task in this paper is to show that the Betti realization of the slice tower also yields a strongly convergent spectral sequence.
We accomplish this by introducing a second truncation variable into the story, namely we consider a motivic version of the classical Postnikov tower, filtering by "topological connectivity". Our results along this line can be viewed as a refinement of Morel's construction of the homotopy t-structure on SH(k) [22] . In fact, Morel's A 1 -connectedness theorem shows that Π a,b S k = 0 for a < 0, b ∈ Z. Our extension of this is our result that this same connectedness in the topological variable a passes to all the terms f n S k in the slice tower (this is of course a general phenomenon, not restricted to the sphere spectrum, see proposition 4.7(1)).
In order to translate this connectedness in the homotopy sheaves into connectedness in the Betti realization, we adapt the method employed by Pelaez in [29] , using the technique of right Bousfield localization. Using this approach, we are able to show that the f n S k are built out of objects of the form Σ a S 1 Σ b Gm Σ ∞ T X + with b ≥ n and a ≥ 0 (and X ∈ Sm/k). As both G m and S 1 realize to S 1 , this shows that f n S k has Betti realization which is n − 1 connected.
The proof of theorem 3 runs along the same lines as that of theorem 1, except that we start from the beginning with a torsion object, so we omit the ad hoc computation of the 0th layer that occurs in the proof of theorem 1.
We conclude the paper with a closer look at the layers in the slice tower for S k . Voevodsky has given a conjectural formula for these, generalizing his computation of s 0 S k . The conjecture gives a connection of the layer s q S k with the complex of homotopy groups (in degree 2q) arising from the Adams-Novikov spectral sequence. Relying on a result of Hopkins-Morel (see the preprint of M. Hoyois [12] ), we give a sketch of the proof of Voevodsky's conjecture.
Via our main result, the Betti realization of the slice tower for S k gives a tower converging to S in SH. Voevodsky's conjecture shows that the associated spectral sequence converging to the homotopy groups of S has E 2 -term closely related to the Then E It would be interesting to see if there were a deeper connection relating the Atiyah-Hirzebruch spectral sequence (for k =k of characteristic zero) and the Adams-Novikov spectral sequence via our theorem 1 identifying Π −p−q,0 (S k )(k) with π −p−q (S). Although the Betti realization of the slice tower for S k gives a tower converging to S in SH and the associated spectral sequence converging to the homotopy groups of S has E 2 term the same (up to reindexing) as the E 2 -terms in the Adams-Novikov spectral sequence, we do not know if the two spectral sequences continue to be the same. Taking into account the reindexing in comparing the E 2 -terms, we raise the question: is E (AN ) ⊗ id for all r ≥ 2? Dugger and Isaksen [7] and independently Hu, Kriz and Ormsby [14] have constructed motivic versions of the Adams and Adams-Novikov spectral sequences, and have made explicit computations. For k algebraically closed, the work of [7] and [14] shows that the Betti realization gives an isomorphism of the 2-completed weight 0 parts of the motivic Adams, resp. motivic Adams-Novikov, spectral sequence with their topological counterpart. It would be interesting to see what deeper connections the slice tower for S k has with the motivic Adams or motivic Adams-Novikov spectral sequences, not just for the case of algebraically closed fields.
As the slice tower has a model based on the filtration by codimension of support on the cosimplicial algebraic simplex ∆ * , such a connection could introduce a new point of view for studying the both the motivic as well as the classical Adams-Novikov spectral sequences. In particular, we find it intriguing that the Adams-Novikov level of an element in the stable homotopy group of spheres could have a corresponding codimension of support coming from the slice spectral sequence, even though the sphere spectrum itself has no evident algebro-geometric structure. Conversely, the interesting algebraic structure enjoyed by the E 2 -term of the Adams-Novikov sequence as an Ext group over the co-algebra of co-operations on M U is not immediately apparent in the layers of the slice tower.
The paper is organized as follows. The first three sections deal with the construction of the two-variable Postnikov tower and a discussion of its properties. In §1 we recall some of the background on cofibrantly generated and cellular model categories. In §2 we discuss some facts about right Bousfield localization and we apply this machinery to give the construction of the two-variable tower in §3. We prove our main connectedness results in §4. We recall some facts about the Betti realization in §5, prove our main theorem on the connectedness of the Betti realization (theorem 5.2) and make a few simple computations. We also describe the consequences of the Suslin-Voevodsky theorem for torsion effective motives and their Betti realizations (corollary 5.12).
The next two sections, §6 and §7, assemble all the pieces to prove theorems 1 and 3. We conclude the body of the paper with a discussion of Voevodsky's conjecture on the slices of the sphere spectrum in §8. In an appendix, we collect some results on symmetric products that are needed for our study of the Betti realization; although these results closely parallel discussions of symmetric products already in the literature (for example [40] ), we found it difficult to derive exactly what we need from these existing treatments.
I would like to thank Ivan Panin for discussions that encouraged me to look at the possibility of extending the Suslin-Voevodsky theorem to the Betti realization for SH(k). I would also like to thank Pablo Pelaez for discussing aspects of Bousfield localization with me and pointing out that this is an effective way of defining Postnikov towers. Thanks are also due to Daniel Dugger, Javier Gutiérrez, Shane Kelly, Oliver Röndigs and Markus Spitzweck, as well as to the referee, for a number of very helpful comments and suggestions.
Cellular model structures
In section 3, we apply the method used by Pelaez [29] , in his study of the slice filtration in SH(k), to define a two-variable Postnikov tower in SH(k). The method relies on the fact that motivic model structure on Spt T (k) is cellular, which allows one to take a right Bousfield localization. In this section, we recall the basic facts concerning the cellularity of Spt T (k) and some other auxiliary model categories.
See [10, definition 11.1.2] for the definition of a cofibrantly generated model category and [10, definition 12.1.1] for that of a cellular model category. For the complete story, we refer the reader to [10] ; an earlier version of this paper [20] also contains some additional details omitted here.
The category of simplicial presheaves on Sm/k, Spc(k), and the category of pointed simplicial presheaves, Spc • (k), have motivic model structures; we denote these model categories by We pass to the stable setting. Let T = S 1 ∧ G m and let Spt T (k) be the category of T -spectra in Spc • (k), i.e., objects are sequences E := (E 0 , E 1 , . . . , E n , . . .), E n ∈ Spc • (k), together with bonding maps ǫ n : E n ∧ T → E n+1 . Morphisms are sequences of maps compatible with the bonding. One defines the notion of a stable A 1 weak equivalence f : E → F ; see for example [16, pg. 470 ]. We recall that a model category M is combinatorial if M is cofibrantly generated and locally presentable [6, definition 2.1]. We will have occasion to use functor categories M C for M a model category and C a small category. For this, we recall the following:
C , define f to be a fibration (resp. a weak equivalence) if F (c) → G(c) is a fibration (resp. a weak equivalence) for all c ∈ C; f is a cofibration if it has the LLP with respect to trivial fibrations. Suppose that M is a cofibrantly generated, resp. cellular, resp. combinatorial model category. Then with these cofibrations, fibrations and weak equivalences, M C is model category; M C is cofibrantly generated, resp., cellular, resp. combinatorial. If M is left, resp. right, proper, the same holds for M C .
Proof. See [10, theorem 11.6.1, proposition 12.1.5] and [4, theorem 2.14].
This model structure is called the projective model structure on M C .
Right Bousfield localization
We recall the notions of the left and right Bousfield localization of a model category from [10, §3] . The machinery of cellular model categories is useful for Bousfield localization due to the following theorem of Hirschhorn: 
We sometimes abuse notation and write R K M for R C(K) M; we will also call R K M the right Bousfield localization of M with respect to K.
Let K be a class of objects in a pointed model category M. The definition of a K-colocal weak equivalence and a K-colocal object in M is given in [10, definitions 3.1.4, 3.1.8]. . Let M be a model category, K a set of cofibrant objects of M. The class of K-cellular objects is the smallest class of cofibrant objects of M containing K and closed under homotopy colimits and weak equivalences.
Remark 2.3. Suppose that M is a stable model category, that is, M is a pointed model category such that the suspension functor on HoM is an auotequivalence [13, definition 7.1.1]. By [13, proposition 7.1.6] , HoM becomes a triangulated category with translation equal to suspension and the distinguished triangles the mapping cone sequences. Let K be a set of cofibrant objects of M containing the base-point. Then the image of the class of K-cellular objects in HoM is the class of objects in the smallest full subcategory C of HoM containing K, closed under arbitrary small coproducts and with the property that, if
is a distinguished triangle with A and B in C, then C is in C (we call such a C a cone of the morphism f ).
Indeed, each such distinguished triangle exhibits C as the homotopy colimit of pt ← A → B. Conversely, if F : I → M is a functor from a small category I with F (α) ∈ K for all α ∈ I, then hocolim I F can be expressed as a colimit of a sequence of cofibrations
with the coproduct over a suitable index set. Thus in HoM, we have the distinguished triangle
hence C n is in K for each n. This gives the distinguished triangle 3. If the objects in K are all cofibrant, then the class of K-colocal objects is the same as the class of K-cellular objects.
We will be using the properties of right Bousfield localization as expressed in the following result, essentially a direct consequence of theorem 2.4. Theorem 2.5. Let K be a set of cofibrant objects in a right proper cellular model category M and let HoM(K) be the full subcategory of HoM with objects the Kcellular objects of M. Then 1. the inclusion i : HoM(K) → HoM admits a right adjoint r : HoM → HoM(K). 2. For an object X ∈ M, i • r(X) is the image in HoM of a cofibrant replacement A → X with respect to the model structure R K M. 3. r : HoM → HoM(K) identifies HoM(K) with the localization of HoM with respect to the K-colocal weak equivalences. This localization is canonically equivalent to the functor q : HoM → HoR K M induced by the identity functor M → R M on the underlying category of M and R K M. that the image of Lid is HoM(K). It is easy to see that the induced functor HoR K M → HoM(K) is an equivalence, proving (1) and (3); (2) follows from the definition of Lid.
A two-variable Postnikov tower
Following a suggestion of P. Pelaez, we refine the construction of Voevodsky's slice filtration to a two-variable version which measures both S 1 -connectedness and G m -connectedness.
We consider Spt T (k) with its motivic model structure MS T (k). For n ≥ 0, let
where
The bonding maps ǫ m are the identity if m ≥ n, the basepoint map if m < n.
For integers a, b, let
under small coproducts and taking cones of morphisms.
In addition,
is the localizing category generated by the objects {Σ q T Σ ∞ T X + | X ∈ Sm/k, q ≥ b}, which category is used to define Voevodsky's slice tower in SH(k).
WriteZ for
In addition 1. r a,b identifies τ a,b SH(k) with the localization of SH(k) with respect to the K a,bcolocal weak equivalences.
There is a canonical isomorphism
Proof. The fact that i a,b admits a right adjoint r a,b and that r a,b identifies τ a,b SH(k) with the localization of SH(k) with respect to the K a,b -colocal weak equivalences follows directly from theorem 1.1, theorem 2.4 and theorem 2. For (3), the isomorphisms in τ a,b SH(k) are given by the K a,b -colocal weak equivalences in R K a,b Spt T (k). Choosing fibrant-cofibrant replacementsX,Ỹ for X, Y , and lifting f to a mapf :X →Ỹ , it suffices to show that if
is an isomorphism for all n ≥ 0. Thus f * : Hom(A,X)) → Hom(A,Ỹ )) is a simplicial weak equivalence for all A ∈ K a,b and hence f is a K a,b -colocal weak equivalence.
For (a, b) ∈Z 2 , define the endofunctor
as the composition i a,b • r a,b . We write f t n for f −∞,n and f s n for f n,−∞ . By theorem 3.1(2), we have the lattice of natural transformations . . .
In number of papers on Voevodsky's slice tower, one considers the sequence of localizing subcategories [29] introduced the approach via right Bousfield localization to better understand multiplicative properties of Voevodsky's slice tower. gives us the two-variable Postnikov tower in SH S 1 (k). As Spc • (k) with its motivic model structure is also a cellular proper simplicial model category, the same approach, with
defines a two variable Postnikov (really Whitehead) tower in H • (k), again with properties analogous to those listed in theorem 3.1.
Connectedness
Remark 4.
2. An S 1 -spectrum E is said to be N -connected if the homotopy sheaf π m E is zero for all m ≤ N . Take E ∈ SH(k) and let
Taking the Nisnevich sheaves associated to the presheaves
E α the property of being topologically a − 1 connected is closed under arbitrary coproducts. Similarly, if A and B are topologically a − 1 connected and C is a cone of a morphism f : A → B, then C is also topologically a − 1 connected. But by remark 2.3, τ a,b SH(k) is the smallest full subcategory of SH(k) containing K a,b and closed under taking coproducts and cones of morphisms, and thus each F in τ a,b SH(k) is topologically a − 1 connected, as desired.
Proof. One implication is evident. For the other direction, by theorem 3.1(3), it suffices to show that
Filtering X by closed subsets of codimension i for i = 0, . . . , dim X gives the strongly convergent Gersten spectral sequence, with E i,j
By assumption, the map f induces an isomorphism on the E 1 -terms and hence is an isomorphism on the abutment.
Proof. We first prove (2) . Since both f a,b E and f
The fact that E is a − 1-connected together with lemma 4.3 tells us that Π p,q f t b E = 0 for p < a. By lemma 4.5 f a,b E is topologically a − 1-connected, so Π p,q f a,b E = 0 for p < a, q ≥ b as well, and (2) is proved.
For (1), f a,b E is topologically a − 1-connected for all b ∈ Z (lemma 4.5), so it remains to prove (1) for a ≤ N . By (2) (with a = N + 1) we see that f t b E is topologically N -connected for all b ∈ Z. Applying (2) again with a ≤ N completes the proof of (1).
The Betti realization
There have been a number of constructions of the Betti realization in varying levels of generality, most recently by Ayoub [2, definition 2.1], but see also Riou [31] and Voevodsky [40, §4] . As we will not need the level of generality provided by Ayoub's construction, we use instead an earlier construction due to Panin-PimenovRöndigs [28, §A4] .
Let Top (resp. Top • ) denote the category of (pointed) compactly generated topological spaces. For X a finite type k-scheme, we write X an for X(C) with the classical topology. The realization functor is induced by the functor An : Sm/k → Top sending a smooth k-scheme X to X an . Taking the left Kan extension and geometric realization defines the functor An * : Spc(k) → Top with right adjoint An * : Top → Spc(k) sending a topological space T to the constant presheaf on the singular complex n → M aps(∆ n , T ) of T . We have a similar adjoint pair in the pointed setting. In particular, one has for X a finite type k-scheme the natural transformation
for which (An * , An * ) becomes a Quillen pair of adjoint functors, with An * in addition a symmetric monoidal functor.
is a left Quillen equivalence, as the weak equivalences are the same and the cofibrations in M cm
Let P 1 * denote P 1 pointed by 1. Let j : G m → A 1 be the inclusion (we give both schemes the base-point 1) and let M (j) be the pointed mapping cone of j, with morphisms β :
and Spt M(j) (k) using word for word the definition we have used for Spt T (k).
The diagram of maps in Spc • (k)
give rise to functors
which induce equivalences on the respective homotopy categories [16, proposition 2.13]. The maps β * for instance is defined by sending a
* to a left Quillen functor from MS cm (k) to the category of S 2 spectra (in compactly generated topological spaces), Spt S 2 , using the fact that An * is symmetric monoidal and that P 1 (C) is homeomorphic to S 2 . Denote this left Quillen functor by An *
Explicitly, An *
. .) with bonding maps given by
Let LAn * P 1 : HoMS cm (k) → HoSpt S 2 be left derived functor of An * P 1 . The Jardine model structure MS P 1 (k) described in §1 is different from MS cm (k), but just as in the unstable setting, the identity functor MS cm (k) → MS P 1 (k) is a left Quillen equivalence (see [28, theorem A.5.6] 
. In addition, we have:
Here is our main theorem on the connectedness of the Betti realization of the slice tower. 
and closed under small coproducts and taking cones of morphisms. As An * P 1 is a left Quillen functor, Re σ B is a left adjoint and hence is compatible with arbitrary small coproducts; it is of course exact. As the property of being q + N − 1 connected is similarly closed under small coproducts and taking cones of morphisms in SH, it follows that Re
Our next task is to say something about the Betti realization of symmetric products; for material on symmetric products, we refer the reader to the appendix A.
Lemma 5.3. Let X be a finite type k-scheme. Then for all n ≥ 1, the map LAn
is an isomorphism in HoTop • . Proof. Let X • → X be a cdh hypercover with each X n smooth over k; such X • exists since k admits resolution of singularities. By Voevodsky's theorem [36, Theorem 4.2] comparing the unstable motivic homotopy categories for the Nisnevich and cdh topologies, for n ≥ 1,
, and hence we have an isomorphism after applying LAn * (actually, Voevodsky shows the finer result that Σ S 1 X •+ → Σ S 1 X + is an isomorphism).
As noted in the proof of lemma 5.1, each term Σ
•+ |, where |S| denotes the geometric realization of a simplicial space S.
Since X • → X is a cdh hypercover, it follows that X an • → X an is a hypercover for the classical topology. In particular, the map |Σ
an + is a homology isomorphism. As n ≥ 1, both spaces are simply connected, it therefore follows from the relative Hurewicz theorem that this map is an isomorphism in HoTop • , which completes the proof.
For a topological space T , we let Sym n T := T n /Σ n , where the symmetric group Σ n acts by permuting the factors. If T is pointed by t ∈ T , we write Sym n • T for the pointed space (Sym n T, Sym n t).
is a weak equivalence in Top • .
Proof. We proceed by induction on N ≥ 2, the case N = 0 being obvious and the case N = 1 following from lemma 5.3. We use the notation from appendix A. We apply lemma A.2, taking X = (
, which we may further suspend to give the co-cartesian diagram in Spc
Since the restriction functor Spc
The map i is a monomorphism hence i is a cofibration in the Jardine model structure on Spc 
Since LAn * is the left derived functor of a left Quillen functor, LAn * transforms homotopy co-cartesian diagrams in M cm • (k) into homotopy co-cartesian diagrams in Top • ; in particular LAn * (5.4) is homotopy co-cartesian. The map
is a weak equivalence by induction. As Sym
an are weak equivalences by lemma 5.3, hence
is a weak equivalence as well.
We have the P 1 -spectrum
. .). The bonding maps are defined via the product maps
For S a pointed space, one has the spectrum
with bonding maps defined as above. We let HZ := (Σ ∞ S 0 ) tr ef f . The Dold-Thom theorem can be phased as Theorem 5.5 ( [5] ). Suppose S has the homotopy type of a pointed countable CW complex. Then π n (Σ ∞ S) tr ef f =H n (S, Z) for n ∈ Z. In particular, HZ is isomorphic in SH to the Eilenberg-MacLane spectrum EM (Z).
tr ef f , from which the result follows directly.
Up to isomorphism in Ho Spt P 1 (k), we can represent (Σ
tr ef f by the spectrum (pt, Sym
. .) using the same formula as above for the bonding maps, followed by the evident stabilization map. We have a similar representation for (Σ
We have the natural map in Spt S 2 LAn * P 1 (pt, Sym
which on the mth term in the sequence is equivalent in HoTop • to the natural map ϕ m :
. On has as well the category of (unbounded) effective motives, DM ef f (k), defined as the localization of the unbounded derived category of Nisnevich sheaves with transfers with respect to the localizing category generated by objects −1 ] =: DM gm (k); by Voevodsky's cancellation theorem [41] , the functors in the diagram of triangulated tensor categories
are all fully faithful embeddings. For details we refer the reader to [30, section 2.3].
We have the category of symmetric T -spectra Spt Σ T (k) (see [16, §4] ); giving this the model structure defined by Jardine loc. cit. defines the model category of symmetric motivic spectra. We recall [16, theorem 4.31] which states that forgetting the symmetric structure induces an equivalence of triangulated categories HoSpt . Let k be a field of characteristic zero. Then there is an equivalence of DM (k) with Ho Mod-M Z as triangulated tensor categories, sending Z tr (X) to M Z ∧ X + for X ∈ Sm/k.
We write 
for all finitely presented objects A, B in Spc • (k), which allows one to the construct the symmetric T -spectrum M Z from the motivic functor M Z in the evident manner. One can similarly construct a
. .), with bonding maps given using the maps mentioned above. Via the zig-zag diagram (5.2), we see that M Z P 1 and M Z have isomorphic images in SH(k). Thus, it suffices to show that M Z P 1 ∧X + is isomorphic to (Σ
. .) with the evident bonding maps. The canonical natural transformation
Using the fact that Ho Spt P 1 (k) is an additive category, it is not hard to see that ϕ is a stable A 1 -weak equivalence. In general, we need to see that (Σ
. It suffices to have an isomorphism in Ho Mod-M Z P 1 and then apply the forgetful functor to SH(k); a natural isomorphism in Ho Mod-M Z P 1 is given by applying [30, theorem 4.2, corollary 5.3 and lemma 5.4], after replacing T with P 1 * . Putting proposition 5.6 together with lemma 5.9 yields:
tr ef f . For a triangulated category T , we let T tor be the full subcategory of objects E such that Hom T (A, E) ⊗ Q = 0 for all compact objects A in T . For X ∈ T , N > 0 an integer, we let X/N denote an object of T that fits into a distinguished triangle
Remark 5.11. If T has a set S of compact generators, then the proof of [25, lemma 4.3] shows that E is in T tor if and only if Hom T (A, E) ⊗ Q = 0 for all A ∈ S. Take q ≥ −∞. As the objects Σ
, form a set of compact generators for τ −∞,q SH(k), using the Gersten spectral sequence as in the proof of lemma 4.6 shows that E is in τ −∞,q SH(k) tor if and only if Π a,b (E) is a sheaf of torsion abelian groups for all a, b ∈ Z, b ≥ q.
In addition, this shows that, for q ≥ −∞, T or q := {Σ
, is a set of compact generators for τ −∞,q SH(k) tor . By [27, theorem 2.1(2)], τ −∞,q SH(k) tor is the smallest localizing subcategory of τ −∞,q SH(k) containing T or q . Thus, for q ′ < q, the inclusion functor
, analogous results hold in DM (k); the results described in this remark are discussed in somewhat more detail in [18, appendix B] .
We require the following result, which is essentially a rephrasing of the theorem of Suslin-Voevodsky [34, theorem 8.3 ].
Corollary 5.12. Take M ∈ DM ef f (k) tor and let σ : k ֒→ C be an embedding. Suppose k is algebraically closed. Then the Betti realization induces an isomorphism
Proof. Let C ⊂ DM ef f (k) tor be the full subcategory of objects M for which the result holds. Then C is a triangulated subcategory of DM ef f (k) tor . We have already noted that the functor EM A 1 preserves arbitrary coproducts; since Re σ B * is a left adjoint, this functor preserves arbitrary coproducts as well. Since both Π n,0 (−) and π n (−) commute with arbitrary coproducts, C is closed under arbitrary coproducts.
By remark 5.11 and the fact that Z tr (X)(b) is a summand of Z tr (X × P b ) for b ≥ 0, the objects Z tr (X)[n]/N , X ∈ Sm/k, n ∈ Z, N > 1, form a set of compact generators for DM ef f (k) tor , and it suffices to see that all these objects are in C.
tr /N by the definition of EM A 1 and lemma 5.9. As EM A 1 has left adjoint M Z ∧ (−) (and similarly for EM : D(Ab) → SH), we have natural isomorphisms
Each element α ∈ H Sus n (X, Z/N ) is represented by a map of pairs of schemes
is the multiplication map, ∆ 
is compatible, via the isomorphisms (5.6), with the map 
Proof of the main theorem
We begin by studying the layers and slices of suspension spectra in SH(k). For a field F , the cohomological dimension of F is by definition the cohomological dimension of the absolute Galois group of F [32, I, §3.1].
We have the canonical distinguished triangle of endofunctors on SH(k)
. Lemma 6.1. Suppose k has finite cohomological dimension. Then for X ∈ Sm/k of dimension d over k, and for 
is injective (by [22, lemma 3.3.4]), so it suffices to see that Π a,b Σ ∞ T X + (F ) is torsion for all fields finitely generated over k, a ∈ Z and b ≥ d + 1. This is [18, proposition 6.9(2)].
We recall that, by Pelaez's theorem, s q (S k ) is the motivic Eilenberg-MacLane spectrum of a motive π
is torsion for all a, b ∈ Z, X ∈ Sm/k. Via the adjoint property of EM A 1 , this is the same as checking that s q (E) is in SH(k) tor . Using the fact that SH(k) tor is triangulated, it suffices to check that f t q (E) is in SH(k) tor for all q. By remark 5.11, it suffices to see that f t q (E) is in τ −∞,q SH(k) tor and for this it suffices to see that the homotopy sheaves Π a,b (f t q (E)) are torsion for all a ∈ Z, b ≥ q. As Π a,b (f t q (E)) = Π a,b (E) for b ≥ q, this follows from our assumption that E is in SH(k) tor , together with remark 5.11.
For the remainder of this section, we assume that k is algebraically closed and admits an embedding σ : k ֒→ C. We write Re for Re Proposition 6.4. The map Re * : Π n,0 (s q (S k ))(k) → π n (Re(s q (S k ))) is an isomorphism for all q and n.
Proof. We note that S k is in SH ef f (k) = τ −∞,0 SH(k), hence for q < 0, s q (S k ) = 0. For q = 0, s 0 (S k ) ∼ = M Z by Voevodsky's theorem [39] , hence Re(s 0 (S k )) = HZ by proposition 5.10. We thus have
Similarly, For
, corollary 5.12 shows that
is an isomorphism for all n ∈ Z.
Lemma 6.5. Suppose that Re induces an isomorphism
for all n. Then the constant presheaf functor c : SH → SH(k) is fully faithful.
Proof. We first recall the construction of c : SH → SH(k). Let c : Spc • → Spc • (c) be the constant presheaf functor; note that c is a monoidal functor and is left adjoint to the functor ev k , X → X (k). Extend c to c T : Spt → Spt T (k) by sending a spectrum E = (E 0 , E 1 , . . .) to the T -spectrum (c(E 0 ), Σ Gm c(E 1 ), . . . , Σ n Gm c(E n ), . . .) with bonding maps given as the composition
Gm (c(ǫE,n))
Gm c(E n+1 ). c T is a left Quillen functor with right adjoint the functor sending a T -spectrum E = (E 0 , E 1 , . . .) to the spectrum ev
bonding maps are defined by applying ev k to
Gm (ǫE,n)
Gm (E n+1 ). The functor c : SH → SH(k) is by definition Lc T and is thus exact and compatible with small coproducts.
Our hypothesis on Re * can be expressed as saying that
SH is an isomorphism for all n; since Re * • c ∼ = id and c(S) ∼ = S k , this shows that
is an isomorphism for all n. Let R ⊂ SH be the full subcategory with objects F such that c * :
is an isomorphism for all n. Both Σ n S and c(Σ n S) ∼ = Σ n S 1 S k are compact and c is compatible with small coproducts, hence R is a localizing subcategory of SH. As SH is generated as a localizing category by S, it follows that R = SH. Now take F ∈ SH and let L F ⊂ SH be the full subcategory with objects E such that c * :
Clearly L F is a thick subcategory and is closed under small coproducts, hence is a localizing subcategory of SH; as we have already seen that L F contains S, this shows that L F = SH, completing the proof. Lemma 6.6. Let k be an algebraically closed field of characteristic zero. Suppose that the constant presheaf functor c L : SH → SH(L) is fully faithful for all algebraically closed subfields of k which have finite transcendence dimension over Q. Then the constant presheaf functor c :
Choose a set of algebraically closed subfields L α of k of finite transcendence dimension over Q, indexed by a well-ordered set A, with k = ∪ α L α . Take E, F ∈ SH. By [3, proposition A.1.2], the map
induced by the system of functors f * k/Lα is an isomorphism, from which the lemma follows directly.
Combining lemma 6.5 and lemma 6.6, our main theorem 1 follows from Theorem 6.7. For k algebraically closed of characteristic zero, with embedding σ : k ֒→ C, the map Re * : Π n,0 (S k )(k) → π n (S) is an isomorphism for all n.
Proof. First we consider the case n = 0. By Morel's theorem [21, lemma 3.10, corollary 6.41], Π 0,0 (S k )(k) = GW(k), which is isomorphic to Z via the dimension function, as k is algebraically closed. This shows that the map
Similarly, the first Postnikov layer for S, S → HZ, arises from the isomorphism π 0 (S) ∼ = Z. This gives us the commutative diagram
from which it follows that Re * : Π 0,0 (S k )(k) → π 0 (S) is an isomorphism.
Next, consider the slice tower for S k . We have the distinguished triangle
We have already seen that the map Π 0,0 (1)). From the long exact sequence As Re is exact, it suffices to show that
For this we use the spectral sequences associated to the slice tower
By [18, theorem 4] , the first tower gives a strongly convergent spectral sequence
By theorem 5.2, Re(f t q (S k )) is q − 1 connected, hence the Betti tower gives us the strongly convergent spectral sequence
As Re * gives a map of spectral sequences E(I) → E(II), it suffices to show that
is an isomorphism for all q > 0 and all n. This is proposition 6.4.
The Suslin-Voevodsky theorem for homotopy
Theorem 7.1. Suppose k is algebraically closed of characteristic zero, with an embedding σ : k ֒→ C. Then for E ∈ SH ef f (k) tor , the map
Proof. The exact functor Re σ B * , the homotopy sheaves and homotopy groups are all compatible with small coproducts. Thus, the full subcategory of SH ef f (k) of objects E for which the theorem holds is a localizing subcategory. Furthermore, by remark 5.11, SH ef f (k) tor admits a set of compact generators, namely, the suspension spectra Σ
k, so it suffices to prove the result for these generators. Letting SH fin (k) be the thick subcategory of SH(k) generated by the objects Σ
Furthermore, by [18, proposition 6.9(3) ] there is an integer N such that E is topologically N − 1-connected. By theorem 5.2, Re σ B (f t n E) is n + N − 1 connected for all n ∈ Z, and hence the tower 
is an isomorphism for all n ∈ Z, as desired.
As a special case, we have the homotopy analog of the theorem of SuslinVoevodsky promised in the introduction (theorem 3): Corollary 7.2. Let k be an algebraically closed field of characteristic zero with an embedding σ : k ֒→ C. Then for all X ∈ Sm/k, all integers N > 1 and n ∈ Z, the map Re
Here Π n,0 (−; Z/N ) and π n (−; Z/N ) are the homotopy sheaves, resp. homotopy groups, with mod N coefficients.
Proof. We note that Π n,0 (E; Z/N ) is by definition Π n,0 (E/N ), and similarly for π n (E; Z/N ). We may apply theorem 7.1 to the object Σ ∞ T X + /N , which is in SH(k) fin ∩ SH ef f (k) tor ; we need only note that, by lemma 5.1, Re
Slices of the sphere spectrum
Voevodsky has stated a conjecture [37, conjecture 9] giving a formula for the slices of S k in terms of the Adams-Novikov spectral sequence for the homotopy groups of S. This conjecture follows from properties of the motivic Thom spectrum M GL, together with a result of Hopkins-Morel [17] on the slices of M GL, now available through the preprint of M. Hoyois [12] . We give some of the details of the proof of Voevodsky's conjecture, without any claim to originality.
We first recall Voevodsky's conjecture. 
with M U ∧n in degree n − 1. The maps ← insert the unit in the various factors, and the maps → are multiplication maps.
Applying π * and taking the usual alternating sum of the coface maps gives the complex of graded abelian groups (with π * (M U ) in cohomological degree 0)
Let p : M U → M U be the homotopy cofiber of the unit map S → M U . We have the canonical isomorphism (of left M U -modules)
where for a monomial b 
* . This is in fact the normalized subcomplex N π
Furthermore, via this split injection π * (M U ∧ M U ∧n ) is identified with an ideal in a polynomial algebra over the Lazard ring L = π * (M U ):
where Z[−] + means the ideal generated by all the variables b i . The grading is given by setting deg b m = 2m and using the grading in L induced by the isomorphism π * (M U ) ∼ = L. In particular, we have for each q ≥ 0 the degree 2q summand of the above complex
Here Z tr = Z tr (Spec k) ∈ DM (k). The conjecture immediately implies
3. For each q > 0 and each p, 0 ≤ p ≤ q there is a finite abelian group A p,q with
The group A p,q is just the E p,−2q 2 term in the Adams-Novikov spectral sequence
This follows directly from the identification of E p,q g. [1, III,  §15] , here we use the indexing convention for which E p,q 2 (AN ) contributes to π −p−q (S)).
Corollary 8.2 hints at a possible connection between the Atiyah-Hirzebruch spectral sequence associated to the slice tower for S k :
. This is theorem 4, announced in the introduction; we reiterate that we do not know if d 3 (AN ) = d 2 (AH), even though these two differentials have isomorphic source and target.
Proof. Since k is algebraically closed and of characteristic zero, the Suslin-Voevodsky theorem [34, theorem 8.3] implies (for q ≥ 0)
Thus the spectral sequence
degenerates at E 2 , E a,b 2 = 0 for a = 0, and we have E p,−q 2
Proof of conjecture 8.1. We adapt the construction of the Adams-Novikov spectral sequence given in [1, loc. cit.] . This involves the use of n-cubes in Spt T (k); in order to deal with these, we need a functorial version of the slices s q in the homotopy category of M Z-modules, which we now proceed to construct. Let S be the category associated to a finite partially ordered set and M a pointed complete and cocomplete category, giving us the functor category M S . For s ∈ S, let i * s : M S → M be the evaluation at s. Let F s : M → M S be the free diagram functor at s [10, definition 11.5.25]; as S is a partially ordered set, F s (A) is the constant functor with value A on the subcategory S ≥s of objects t ≥ s in S, extended by pt to the rest of S, and similarly for morphisms. We have as well the "dual" F s : M → M S sending A to the constant functor with value A on the subcategory S ≤s of objects t ≤ s in S, extended by pt to the rest of S. F s is left adjoint to i * s and F s is right adjoint. If M is a pointed symmetric monoidal category and S has an initial object 0, we make M S a pointed symmetric monoidal category with (F ∧ G)(s) = F (s) ∧ G(s) and unit 1 S := F 0 (1); in this case i * s is monoidal and F s and F s are monoidal except for preserving the unit.
Suppose M is a pointed model category. We give M S the projective model structure (proposition 1.3). The next result lists a number of properties of M S .
Lemma 8.4. 1. The functors i * s and F s preserve cofibrations, fibrations and weak equivalences, F s preserves fibrations and weak equivalences, and the adjoint pairs (F s , i * s ) and (i * s , F s ) are Quillen pairs. 2. If M is a simplicial, resp. left proper, resp. right proper, resp. cofibrantly generated, resp. cellular, resp. combinatorial, pointed model category, the same holds for M S . If I generates the cofibrations in M and J generates the trivial cofibrations in M, then the collection F s (I), s ∈ S, generates the cofibrations in M S and F s (J), s ∈ S, generates the trivial cofibrations in M S . 3. Suppose that S has an initial object and M is a pointed (simplicial) monoidal cofibrantly generated model category. Then M S is a pointed (simplicial) monoidal model category.
Proof. For (1) (2), the assertions about cofibrantly generated, resp. cellular, resp. combinatorial M are proven in [10, theorem 11.6.1, proposition 12.1.5]; the statement on combinatorial model categories is [4, theorem 2.14]. The proof of [10, theorem 11.7.3] shows that simplicial structure on M makes M S into a simplicial model category. As fibrations, weak equivalences and pull-backs in M S are defined pointwise, the statement about right properness is clear. Similarly, as by (1), every cofibration in M S is a pointwise cofibration, the fact that weak equivalences and push-outs are defined pointwise shows that M S inherits left properness from M. For (3), define the internal Hom for X, Y ∈ M S by the equalizer sequence
We verify the axioms [13, definition 4.2.6]: 4.2.6(1) follows from the description of the generating cofibrations and generating trivial cofibrations in M S given in (2) and [13, corollary 4.2.5] and 4.2.6(2) follows from the fact that evaluation at all s ∈ S preserves cofibrations and detects weak equivalences. Lemma 8.5. Suppose that S has an initial object. 1. For each q ∈ Z, there is a functors q : Ho Spt
, and the sequence of full subcategories C q := τ −∞,q SH(k) of SH(k). In order to apply the theorem, one uses Voevodsky's isomorphism s 0 S k ∼ = M Z, and notes that C q satisfies the condition (A3) of [9] by theorem 2.4 and theorem 2.5; the remaining conditions are easy to verify (see [9, §3.2] ). In order to prove (2), we briefly recall the main points of the construction in [9] : 
Z gives the slice functor
B) Let E ∞ be the simplicial E ∞ operad. It is shown that both the cofibrant replacement with respect to the right Bousfield localization in (A) and the fibrant replacement with respect to the left Bousfield localization in (A) induce a trivial fibration on the relevant simplicial mapping spaces (for the cofibrant replacement Q, one considers the map Hom(QE ⊗n , QE) → Hom(QE ⊗n , E) for E an E ∞ -algebra in Spt Σ T (k) and a similar collection of maps for the fibrant replacement): this gives a unique up-to-homotopy lifting of the E ∞ -structure on 1 to an E ∞ -structure on s * (1). C) Replacing the E ∞ operad with the colored operad controlling modules over an E ∞ -algebra, it is shown that the cofibrant and fibrant replacement functors induce trivial fibrations on the relevant mapping spaces; this gives a canonical (up to homotopy) s * (1)-module structure to the functor s * , which gives the desired lifting of s * tos * : Ho Spt S ) generated by the objects
We lets
(1 S ) be the qth component ofs S * . The functors S * and the E ∞ -object s S * (1 S ) are constructed using the same three steps (now named (A)
S -(C) S ) after making the replacements described above. We write c 
In addition, the mapping spaces considered in (B), (B) S , (C) and (C) S (as functors in the E ∞ -object E, module M and the fibrant and cofibrant replacements) only depend on the operads chosen, and hence i * c gives morphism from the maps shown to be a trivial fibration in (B)
S and (C) S to the analogous ones in (B) and (C). By the up-to-homotopy uniqueness of the lifting of E ∞ -structures in step (B), it follows that i * c (s S * (1 S )) is homotopy equivalent to s * (1) as a E ∞ -object in Spt T (k) N , which thus gives an equivalence of Ho GrMod-i * c s
with Ho GrMod-s * (1). Via this equivalence, the up-to-homotopy uniqueness in (C) gives a canonical isomorphism of i * cs S * (E) withs
S ; taking the restriction to graded M Z-modules completes the construction of the natural isomorphisms q • i * c
We now return to the Adams-Novikov spectral sequence. Consider the distinguished triangle
Using the cell structure of M GL, it is easy to see that the unit map S k → M GL induces an isomorphism s 0 S k → s 0 M GL (see e.g. [33, corollary 3.3] ). Since M GL and S k are both in SH ef f (k), it follows that M GL also in SH ef f (k) and that
Let n be the category associated to the partially ordered set of subsets of {1, . . . , n}, ordered by inclusion, n 0 the subcategory of non-empty subsets. By an n-cube in a category C, we mean a functor from n to C. For an n-cube I → E I in Spt Σ T (k), we have the map of n−1-cubes I → [E I → E I∐{n} ], I ⊂ {1, . . . , n−1}. We form the T -spectrum Tot n E * inductively in n as the homotopy fiber of Tot n−1 E * → Tot n−1 E I∐{n} ; Tot 0 (E) := E. We make a similar definition for n-cubes in Spt T (k), Spt or C(Ab).
Form the product [
∧n by replacing the S k located at the vertex ∅ with the 0-object. We thus have the homotopy cofiber sequence
In particular, we have the isomorphism in Ho Mod-M Z
Ass q is exact, we have
Here we use the functorial models There is an isomorphism
Proof. In fact, the theorem of Hopkins-Morel says that s q M GL is isomorphic to Σ
. To achieve the isomorphism in Ho Mod-M Z, we note the following:
Proof. Applys q to the diagram s q E ← f q E → E, giving the diagram
, which is easily seen to be a diagram of isomorphisms (in SH(k)). But by definition of the weak equivalences in Mod-M Z, the map RF detects isomorphisms, hence α and β are isomorphisms in Ho Mod-M Z.
To complete the proof of the refined version of the Hopkins-Morel theorem,
, giving the string of isomorphisms in Ho Mod-M Z:
Using [33, proposition 6.4] or [12, theorem 7.5] and applying lemma 8.7, the Hopkins-Morel theorem generalizes to give the isomorphism in Ho Mod-M Z
, and thus
from which the lemma follows.
Using (8.4) and this lemma, we may consider the n-cubes
; noting that each term in this n-cube is actually in the heart of D b (Ab) for the standard t-structure, we may consider the n-cubes
as an n-cube in Ab, that is, we have an isomorphism in Ho (Mod-M Z) Tots
We complete the proof of Voevodsky's conjecture by constructing a quasi-isomorphism β :
. This follows from a general fact about cosimplicial abelian groups. Namely, define the functor p n : n 0 → ∆ by identifying a non-empty subset I of {1, . . . , n} with the ordered set [|I| − 1] via the unique order-preserving bijection I → [|I| − 1], where we give I the order induced by the opposite of the standard order on {1, . . . , n}. Given a cosimplicial abelian group A * : ∆ → Ab and an integer n ≥ 1, we may then form the n-cube of abelian groups n (A * ) by composing A * with p n and filling in by setting n (A * )(∅) = 0. The following result is standard: Let i j : N A j → A j be the inclusion. For j < n, let
..,n},|I|=j A j be the map (i j , . . . , i j ), and let β j = 0 for j ≥ n.
Lemma 8.9. The maps β j define a map of complexes
which is an isomorphism on H p for 0 ≤ p < n − 1 and an injection for p = n − 1.
Fix an integer q ≥ 0 and take n to be any integer n ≥ q + 2. By lemma 8.9, we have maps of complexes
Let e i : π 2q M U ∧n−1 → π 2q M U ∧n be the map induced by inserting the unit in the ith factor. By reason of degree, the map 
Appendix A. Symmetric products
In this appendix, we discuss symmetric products in Spc(k). This follows Voevodsky's constructions in [40] , but we use a less sophisticated approach, in that we do not consider any model category structures or use derived functors. For simplicity, we work over a field k of characteristic zero.
Let Sch/k be the category of quasi-projective k-schemes and C ⊂ Sch/k be the full subcategory of connected semi-normal quasi-projective k-schemes. We let Spc C (k) denote the category of presheaves of spaces on C, and Spc C • (k) the category of presheaves of pointed spaces on C. For T ∈ C with a finite group G acting on T , the quotient scheme T /G exists and is in C. For X ∈ C, n ≥ 0 an integer, we have the k-scheme Sym n X := X n /Σ n , where the symmetric group Σ n acts on X n by permuting the factors. For a pointed scheme (X, x), we make Sym n X a pointed scheme with Sym n x as base-point, denoted Sym n • X. To extend this to X ∈ Spc C (k), let (C, G) be the category of finite type kschemes X with G-action, G a finite group, such that each connected component of X is in C and X/G is in C. This gives us the corresponding presheaf category Spc (C,G) (k). We write h C :
The functor triv : C → (C, G) giving X ∈ C the trivial G-action yields the functor triv * :
* admits in turn a left adjoint triv # :
Let C ♮ be the full subcategory of Sch/k of semi-normal schemes, and (C ♮ , G) the category of semi-normal schemes with G-action. We extend X in Spc
of presheaves of spaces with G-action on C. We let G-h C : (C, G) op → G-Spc C (k) be the functor sending Y ∈ (C, G) to the representable presheaf h C (Y ), with G-action induced by the action on Y .
We extend h C to Sch/k op by letting h C (X) be the restriction to C of the presheaf on Sch/k represented by X. As each Y ∈ C is connected, h C sends disjoint union in Sch/k to coproducts in Spc C (k). We similarly extend G-h C and h C,G to (the opposite of) the category of quasi-projective G-schemes, (Sch/k, G).
giving the functor (−)
Y ), with g X the action of g on X and g Y the action on Y .
For X ∈ G-Spc C (k), X G /G may be described as a colimit:
Given finite groups G 1 , G 2 , we have the evident product functor
For ρ : H → G a homomorphism of finite groups, we have the restriction-ofaction functor ρ
, and for Y ∈ (C, H), we have the induced G-scheme ind 
We have the functor (−) n : Spc C (k) → Σ n -Spc C (k) sending X to X n with Σ n -action permuting the factors. Define
This gives us a functor Sym n : Spc C (k) → Spc C (k); for (X , x) a pointed space, define Sym n • (X ) to be Sym n (X ) (i.e., forget the base-point), pointed by Sym n x. We may restrict (via the inclusion Sm/k ֒→ C ♮ ) to a presheaf on Sm/k to give Sym n X ∈ Spc(k), resp., Sym 
sn → W be the semi-normalization of W , the G-action on W lifts uniquely to a G-action on W sn and we have G-
Via this lemma, we may denote the various presheaves represented by quasiprojective schemes or G-schemes W simply by W , and also write Sym n W for the presheaf Sym n h C (W ), leaving the context to determine the precise meaning. We do the same in the pointed setting.
Take (X, x) a pointed quasi-projective scheme and A ⊂ X a reduced closed subscheme containing x, giving us the pointed presheaf X/A := h C (X)/h C (A) on C. We will need to relate Sym Proof. Let (X, A) n be the reduced closed subscheme of X n of tuples (x 1 , . . . , x n ) with at least one x i in A and let (X/A, pt) n ⊂ (X/A) n be the subpresheaf of "points" (y 1 , . . . , y n ) such that at least one of the y i is the base-point. The quotient map X n → (X/A) n restricted to (X, A) n defines the mapπ 1,n : (X, A) n → (X/A, pt) n .
with f n the constant map to the base-point. f * induces the Σ n -equivariant map indf : ind We now define an inverse to ψ, but only as presheaves on Sm/k. Take Y in Sm/k, irreducible, and let g : Y → ((X/A, pt) n ) Σn /Σ n be a map in Spc(k). Using (A.1) to describe ((X/A, pt) n ) Σn /Σ n , there is a Z ∈ (C, Σ n ), a Σ n -equivariant map f : Z → (X/A, pt) n and a mapg : Y → Z/Σ n representing g. Let Z Y = [Z × Z/Σn Y ] red . We claim that the map p : Z Y /Σ n → Y induced by p 2 is an isomorphism. Indeed, p is finite, hence proper, and evidently a bijection on the underlying topological spaces. Thus p is a homeomorphism and hence Z Y /Σ n is irreducible; as Z Y is reduced, Z Y /Σ n is integral. Since the characteristic is zero, p is birational. Since Y is smooth, p is an isomorphism by Zariski's main theorem. Replacing Z with Z Y and changing notation, so we may assume that Z/Σ n is smooth and irreducible and the map g : Y → Z/Σ n is an isomorphism.
Let µ : Z N → Z be the normalization of Z. Then the Σ n -action on Z lifts to a Σ n -action on Z N , and the map on the quotients µ/Σ n : Z N /Σ n → Z/Σ n = Y is thus finite and birational. As Y is smooth, Z N /Σ n → Z/Σ n is an isomorphism by Zariski's main theorem. Thus we may assume that Z is normal; in particular, Z is a disjoint union of its irreducible components.
The map f : Z → (X/A, pt) n may be written as f = (f 1 , . . . , f n ), f i : Z → X/A. We suppose that f is not the map to the base-point. From the definition of X/A as a quotient of X, it follows that the set of points z ∈ Z such that f i (z) = pt is a closed subset. Thus, for Z 1 an irreducible component of Z, there is an i such that f i (Z 1 ) = pt. As Σ n acts on (X/A, pt) n by permuting the factors, we may choose Z 1 so that f n (Z 1 ) = pt. Letting Z * be the Σ n−1 -orbit of Z 1 , where Σ n−1 is identified with the subgroup of Σ n fixing n, we see that f n (Z * ) = pt and the evident map ind which is easily seen to be inverse to ψ, completing the proof.
Let X be a finite type k-scheme. We have the presheaf of abelian groups on Sm/k, Z tr (X), with value Z tr (X)(Y ) the finite correspondences from Y to X, that is, the free abelian group on integral closed subschemes W ⊂ Y × k X which are finite over Y and dominate an irreducible component of Y . Replacing the free abelian group with the monoid of sums i n i W i , n i ≥ 0, gives the subpresheaf of monoids Z tr ef f (X). We may also consider the presheaf of degree n correspondences L n (X), this being the presheaf of sets on Sm/k which for irreducible Y is the set of finite sums i n i W i with i n i deg(W i /Y ) = n (L 0 (X) = {0}). For Y = ∐ j Y j with each Y j irreducible, L n (Y ) := j L n (Y j ). If (X, x) is a pointed scheme, we point L n (X) with n · x × Y the base-point in L n (X)(Y ).
Let (X, x) be a pointed scheme in C, A ⊂ X a reduced closed subscheme containing x. We let Z tr (X/ where (−) + denotes group completion. Define quotients q n : L n (X) → L n (X/A), and stabilization maps st n : L n−1 (X/A) → L n (X/A) inductively as follows: L 0 (X/A) = pt, q 1 : L 1 (X) → L 1 (X/A) is the quotient map X → X/A. Having defined these for j = 0, . . . , n − 1, let π j : L j (A) × L n−j (X) → L n−1 (X/A) be the composition
where st is the composition of the stabilization maps. Define L n (X/A), q n and st n by requiring the diagram
to be co-cartesian.
It follows by an easy induction that the stabilization map st n is a monomorphism. The sum maps for L * (X) induce sum maps L n (X/A) × L m (X/A) → L n+m (X/A). Lemma A.3. Let (X, x) be a pointed scheme in C, and let A ⊂ X be a reduced closed subscheme containing x. Proof. We first prove (2), except for the last isomorphism. Let π n : X n → Sym n X be the quotient map, ∆ X ⊂ X 2 the diagonal. Applying π n ×id X to X n−1 ×∆ X gives as image the integral closed subscheme W n ⊂ (Sym n X) × X. For each morphism f : Y → Sym n X, Y ∈ Sm/k, taking the pull-back cycle (f × id X ) * (W n ) yields an element of L n (X)(Y ). By [40, proposition 3.5] , this defines a natural isomorphism Sym n • (X) → L n (X) as pointed presheaves on Sm/k. We have the evident isomorphism lim − →n L n (X) → Z tr ef f (X), which thus yields the isomorphism Sym 
